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In this letter, we consider the relation between indistinguishability of states and dimension of
the space. We find that for a set of states, LOCC1 (SEP, PPT) indistinguishability in ⊗
K
k=1C
dk
implies LOCC1 (SEP, PPT) indistinguishability in ⊗
K
k=1C
dk+hk , where K, dk > 2 be integers, hk
be non-negative integers. This shows that the LOCC1 (SEP, PPT) indistinguishability of states is
independent of the dimension of space. The result gives several corollaries, such as in any non-trival
system, there exists 3 LOCC1 indistinguishable orthogonal pure states. Also, a framework will
be given by defining the local-global indistinguishable property for a set of states after making a
conjecture.
Keywords: LOCC; SEP; PPT; Local-global indistinguishability; Mixed states; Nonlocality; Mul-
tipartite systems.
I. INTRODUCTION
An important question in quantum information theory
is distinguishing a set of states in a given quantum sys-
tem. If general POVMs are allowed, it is easy to see that
a set of states can be distinguished if and only if it is
a orthogonal set [1]. However, reality often not allowed
one to use general POVMs, since the partites might be
shared by separate owners. Fortunatly, one has a lot of
tools of classical communications and that usually classi-
cal communications are allowed for the oweners of differ-
ent partites. In spite of this, distinguishing a set of states
by local operators and classical communications (LOCC)
become usful and important.
There is a sense to think the distinguishability like a
kind of ”distance”. The distance of two points is depend
on the dimension of the space one chooses. For example,
let us consider the distance of two digonal points of a
unit square. If the observer chooses a space of dimension
1, says the space consists of the edges of the square, then
the distance of the two diagonal points is 2. However, if
the observer chooses another space of dimension 2, says
the plane of the square, then the distance is different, it
is
√
2. This gives a feeling that the distance and so may
be the distinguishability is depend on the dimension of
space one chooses.
Here, we consider indistinguishability of orthogonal
states. The conclusion is that the LOCC1, SEP and PPT
indistinguishability of a set of orthogonal states is inde-
pendent of the dimension of space one chooses. The most
important result is the LOCC1 case.
The problem of distinguishability has been consid-
ered by authors. Walgate et al. explained that 2 or-
thogonal pure states can always be distinguished by
LOCC[1]. An innocent intuition might be the more en-
tanglement a set have, the harder the set can be dis-
tinguished by LOCC. However it is not true in gen-
eral. Bennett et al. constructed 9 orthogonal product
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states in C3 ⊗ C3 which is LOCC indistinguishable[2].
On the other hand, entanglement indeed gives bounds
to LOCC distinguishability[3, 4]. Many authors consid-
ered the distinguishability of maximally entangled states.
Nathanson proved that in C3 ⊗ C3, every 3 orthogonal
maximally entangled states are LOCC distinguishable[5].
He also constructed 3 LOCC1 indistinguishable orthogo-
nal maximally entangled states in Cd ⊗ Cd when d > 4
be even or d = 3k + 2[6]. The result was weakerized
but extended to all d > 4 by Wang et al. by construct-
ing 4 orthogonal maximally entangled states which are
LOCC1 indistinguishable when d > 4[7]. More results
were given for Bell states and generalized Bell states. A
paper by Ghosh et al. concluded that any 3 Bell states
are LOCC indistinguishable[8]. However, in Cd ⊗ Cd
with d > 3, any 3 generalized Bell states are LOCC
distinguishable[5, 7]. A result of Fan showed that if
d is a prime and l(l − 1) 6 2d, then l generalized
Bell states are LOCC distinguishable[9]. Note that any
d+ 1 maximally entangled states in Cd ⊗ Cd are LOCC
indistinguishable[4]. A strange result is that if 2 copies of
the state are allowed, then a set of generalized Bell states
is LOCC distinguishable[10]. There were also some au-
thors considered LOCC distinguishability of orthogonal
product states. Bennett et al. showed that an unex-
tendible product basis is not LOCC distinguishable[11].
Others results including constructing indistinguishable
orthogonal product states such as [12–16]. We mention
that in C3 ⊗ C2, there are 4 orthogonal product states
LOCC1 indistinguishable when Alice go firstly and there
are 5 orthogonal product states LOCC1 indistinguishable
in C3⊗C3 no matter who go firstly[17]. An earlier result
showed that if a product basis is LOCC distinguishable,
then it is LPCC distinguishable[18].
The main result of this letter is that if a set of or-
thogonal states in ⊗Kk=1Cdk is LOCC1 (SEP, PPT) in-
distinguishable, then it is LOCC1 (SEP, PPT) indistin-
guishable seen as states in ⊗Kk=1Cdk+hk , where dk, hk,K
are non-negative integers, dk > 2, K > 2 by the nature
embedding.
The result has some applications. Firstly, the re-
2sult implies that in any system with at least two par-
tites are of dimensions at least 2 (Let us called a such
sysyem non-trival), there exists 3 orthogonal pure states
that are LOCC1 indistinguishable. Note that, any 2 or-
thogonal pure states are always LOCC (in fact LOCC1)
distinguishable[1]. Secondly, the result with [17] implies
that in Cm⊗Cn, there exists 4 orthogonal product states
LOCC1 indistinguishable if Alice go firstly, when m > 3,
n > 2 and 5 orthogonal product states LOCC1 indistin-
guishable when m,n > 3, no matter who go firstly, and
these can be extended to multipartite systems by fixing
states of other partites. Finally, together with [2], the re-
sult can be used to construct a LOCC indistinguishable
product basis in Cm⊗Cn, ifm,n > 3, and a similiar con-
struction can extend this to multipartite systems. In the
conclusion and extension section, A conjecture is given
and we give the definition of the local-global indistin-
guishable property in order to give a framework.
The rest of this letter is organized as follow. Section
II is devoted to the main results. An example is given in
section III. Then section IV gives conclusions and exten-
sions. Also an appendix is given as supplements to the
proofs of the results.
II. MAIN RESULT
There is a nature embedding from Cd to Cd+h, for
example, view (x, y) in C2 as (x, y, 0) in C3. As for states
in ⊗Kk=1Cdk , they can be viewed as in ⊗Kk=1Cdk+hk , by
the embedding. That is, extend a basis of ⊗Kk=1Cdk to
a basis of ⊗Kk=1Cdk+hk and view the states in the larger
space via the rest components are zeros. As for dense
operators, view matrices (under computation basis) ρi
of ⊗Kk=1Cdk as ρ˜i =
(
ρi 0
0 0
)
(under computation basis
extend from the smaller space) of ⊗Kk=1Cdk+hk . In the
rest of this letter, let us use this view.
In this section, the main results and the proofs will be
given. The main results are the following theorems.
Theorem 1 Let { ρi|i = 1, 2, . . . , N} be a set of orthog-
onal states (pure or mixed), written in dense operstors
form, in ⊗Kk=1Cdk , where N is a finite positive integer.
If they are indistinguishable via LOCC1, then they are
indistinguishable via LOCC1 in ⊗Kk=1Cdk+hk (view as
ρ˜i =
(
ρi 0
0 0
)
), where hk are non-negative integers.
Theorem 1 implies several corollaries .
Since there esists three orthogonal pure states in C2⊗
C2 which are LOCC1 indistinguishable (for example, any
3 Bell states), Theorem 1 together with the result in [1]
implies that:
Corollary 1 In any non-trival system, the maximal
number T such that any T orthogonal pure states are
LOCC1 distinguishable is 2.
In [17], 4 LOCC1 indistinguishable orthogonal product
states are given in C3 ⊗ C2 when Alice go firstly and 5
LOCC1 indistinguishable orthogonal product states are
given, no matter who go firstly, in C3⊗C3. On the other
hand, results in [17] also shows that any 3 orthogonal
product states are LOCC1 distinguishable no matter who
go firstly and any 4 orthogonal product states are LOCC1
distinguishable if one can choose who go firstly.
Thus, Theorem 1 implies the following corollary:
Corollary 2 The maximal number P such that any P or-
thogonal product states are LOCC1 distinguishable when
Alice go firstly is 3, in Cm⊗Cn, where m > 3, n > 2, and
the maximal number Q such that any Q orthogonal prod-
uct states are LOCC1 distinguishable if one can choose
who go firstly is 4, in Cm ⊗ Cn, where m,n > 3.
In [2], an orthogonal product basis which is LOCC
indistinguishable in C3 ⊗ C3 is given. Using Theorem
1 together with that, we can construct an orthogonal
product basis which are LOCC indistinguishable in Cm⊗
Cn, where m,n > 3, with the help of the theorem in [18].
Corollary 3 The 9 domino states in [2] together with
|i〉|j〉, i=3,4,. . . ,m − 1, j=3,4,. . . ,n − 1, form a LOCC
indistinguishable completed orthogonal product basis in
Cm ⊗ Cn, where m, n are at least 3.
We will give details of Corollary 3 in Chapter III, and
note that the construction can be generalized to multi-
partite cases.
Using the same method below, a similiar statement for
SEP or PPT indistinguishability can be proven.
Theorem 2 Let { ρi|i = 1, 2, . . . , N} be a set of or-
thogonal states in ⊗Kk=1Cdk , where N is a finite pos-
itive integer. If they are indistinguishable via PPT
POVM, then they are indistinguishable via PPT POVM
in ⊗Kk=1Cdk+hk .
Theorem 3 Let { ρi|i = 1, 2, . . . , N} be a set of or-
thogonal states in ⊗Kk=1Cdk , where N is a finite pos-
itive integer. If they are indistinguishable via SEP
POVM, then they are indistinguishable via SEP POVM
in ⊗Kk=1Cdk+hk .
Now, we will Theorem 1 and Lemma 1 for bipartite
case. Other cases and theorems can be proven similiarly,
please see appendix.
Lemma 1 Let { Mj}j=1,2,. . . ,J be a (LOCC1) POVM
of ⊗Kk=1Cdk+hk such that Mj =
(
Mj1 Mj2
Mj3 Mj4
)
writ-
ten in block form (under a computation basis extended
from a computation basis of ⊗Kk=1Cdk), where Mj1 are
(
∏K
k=1 dk) × (
∏K
k=1 dk) matrices, then { Mj1}j=1,2,. . . ,J
is a (LOCC1) POVM of ⊗Kk=1Cdk (as matrices under the
computation basis).
3Proof of Lemma 1 for bipartite case: A LOCC1
POVM in ⊗2k=1Cdk+hk is given as follow. Alice provides
a POVM { Aj}j=1,2,. . . ,J on her partite and gets an out-
come jA. Bob provides a POVM { BjA,j}j=1,2,. . . ,JjA
on his partite depending on the outcome jA, and
gets an outcome jB. Thus, the LOCC1 POVM is
{ MjA,jB = AjA ⊗BjA,jB}jA=1,2,. . . ,J,jB=1,2,. . . ,JjA .
Write AjA =
(
AjA1 AjA2
AjA3 AjA4
)
in block form, where AjA1
be a d1 × d1 matrix. Since { Aj}j=1,2,. . . ,J is a POVM,
Aj = A
†
j and
∑
j Aj = Id1+h1 . Of course Aj is positive
semi-defined. Now:∑
j Aj = Id1+h1 implies that
∑
j Aj1 = Id1 .
AjA is positive semi-defined implies that AjA1 is
positive semi-defined.
Aj = A
†
j implies that AjA1 = A
†
jA1
.
Thus, { AjA1}jA=1,2,. . . ,J is a POVM of Alice’s partite
of ⊗2k=1Cdk .
Similiarly, write BjA,jB =
(
BjA,jB1 BjA,jB2
BjA,jB3 BjA,jB4
)
in
block form, where BjA,jB1 be a d2 × d2 matrix. Since
{ BjA,j}j=1,2,. . . ,JjA is a POVM, { BjA,jB1}jB=1,2,. . . ,JjA
is a POVM of Bob’s partite of ⊗2k=1Cdk .
Write MjA,jB =
(
MjA,jB1 MjA,jB2
MjA,jB3 MjA,jB4
)
in block form,
whereMjA,jB1 be a d1d2×d1d2 matrix. Now, MjA,jB1 =
AjA1 ⊗BjA,jB1.
In ⊗2k=1Cdk , let Alice measures her partite
by POVM { AjA1}jA=1,2,. . . ,J and gets an out-
come, says jA. Then Bob measures by POVM
{ BjA,jB1}jB=1,2,. . . ,JjA and gets an outcome jB.
The final LOCC1 POVM of ⊗2k=1Cdk will be
{ AjA1 ⊗BjA1,jB1 =MjA,jB1}16jA16J,16jB16JjA . 
Proof of Theorem 1 for bipartate case: Let
{ ρi|i = 1, 2, . . . , N} be a set of orthogonal states in
⊗2k=1Cdk . If it is LOCC1 distinguishable in ⊗2k=1Cdk+hk ,
where hk are non-negative integers, let us see that it will
lead to the LOCC1 distinguishability in ⊗2k=1Cdk .
Let the states in ⊗2k=1Cdk+hk be LOCC1 distinguish-
able via LOCC1 POVM { Mj}j=1,2,. . . ,J . That means
that for evere j, Tr(Mj ρ˜i) 6= 0 for at most one i.
WriteMj =
(
Mj1 Mj2
Mj3 Mj4
)
in block form, whereMj1 be
a d1d2×d1d2 matrix. Since { Mj}j=1,2,. . . ,J is a LOCC1
POVM, { Mj1}j=1,2,. . . ,J is a LOCC1 POVM by Lemma
1.
However, if for j1, Tr(Mj1ρi) 6= 0, then Tr(Mj ρ˜i) 6= 0,
since after an easy computation, they are the same.
Thus, at most one ρi satisfying that Tr(MjAρi) 6= 0,
which means that ρi are LOCC1 distinguishable via
LOCC1 POVM { Mj1}j=1,2,. . . ,J .

To prove Theorem 2 and Theorem 3, we give a similiar
lemma for PPT POVM or SEP POVM as Lemma 1. For
the proofs, please see appendix.
Lemma 2 Let { Mj}j=1,2,. . . ,J be a PPT (SEP) POVM
of ⊗Kk=1Cdk+hk such that Mj =
(
Mj1 Mj2
Mj3 Mj4
)
writ-
ten in block form (under a computation basis extended
from a computation basis of ⊗Kk=1Cdk), where Mj1 are
(
∏K
k=1 dk) × (
∏K
k=1 dk) matrices then { Mj1}j=1,2,. . . ,J
is a PPT (SEP) POVM of ⊗Kk=1Cdk (as matrices under
the computation basis).
III. EXAMPLE
In this section, we will give the details of Corollary 3.
Using Theorem 1, we can construct an LOCC indistin-
guishable orthogonal product basis in Cm ⊗ Cn, where
m,n > 3, as follow.
The 9 domino states (unnormalized) in [2] form an or-
thogonal product basis of C3 ⊗ C3. They are |0〉|0 ± 1〉,
|0±1〉|2〉, |2〉|1±2〉, |1±2〉|0〉, |1〉|1〉. In Cm⊗Cn, where
m,n > 3, these states together with |i〉|j〉, i=3,4,. . . ,m−
1, j=3,4,. . . ,n− 1, form a completed orthogonal product
basis. One will see that the basis is LOCC indistinguish-
able.
Here we need a lemma which is an easy corollary of
the theorem in [18].
Lemma 3 An orthogonal product basis of multipartite
system is distinguishable via LOCC if and only if it is
distinguishable via LOCC1.[18]
Using Theorem 1, one can get that the above basis
is LOCC1 indistinguishable, since the domino states are
LOCC (and so LOCC1) indistinguishable in C
3 ⊗ C3.
Then Lemma 3 tell us that since we are considering an
orthogonal product basis, it is equivalent to the indistin-
guishability via LOCC . Thus, the basis we constructed
is LOCC indistinguishable.
An easy argument can generalize the construction to
multipartite systems by tensor normalized orthogonal ba-
sis of other partites.
IV. CONCLUSION AND EXTENSION
In this letter, an indistinguishable property of states
is given, says, if a set of states is LOCC1 (PPT, SEP)
indistinguishable in a small system, then it is LOCC1
(PPT, SEP) indistinguishable in a dimensional extended
system. It is true for both bipartite and multipartite
systems and for both pure and mixed states. Using the
result in [1], Theorem 1 implies that the maximal num-
ber T such that any T orthogonal pure states are LOCC1
distinguishable is 2, in a non-trival system. Also, Theo-
rem 1 together with results in [17] gives that the maximal
4number P such that any P orthogonal product states are
LOCC1 distinguishable is 3, if Alice go firstly, for a bi-
partite system such that Alice’s partite is of dimension at
least 3 and Bob’s partite is of dimension at least 2. And
that the maximal number Q such that any Q orthogonal
product states are LOCC1 distinguishable is 4, if one can
choose who go firstly, in a bipartite system with partites
are of dimensions at least 3. By using Theorem 1 together
with the result in [2], we construct an orthogonal product
basis which is LOCC indistinguishable in a system with
at least 2 partites are of dimensions at least 3. Note that
all the corollaries can be extended to multipartite cases.
May be we can generalize Theorem 1 to other indistin-
guishabilities. And here we make a conjecture:
Conjecture 1 If a set of states in ⊗Kk=1Cdk are indis-
tinguishable via LOCC (LPCC, LOCCr, LPCCr, PPT,
SEP), then they are indistinguishable via LOCC (LPCC,
LOCCr, LPCCr, PPT, SEP) in ⊗Kk=1Cdk+hk , where hk
are non-negative integers.
The LOCC1, PPT, and SEP cases have been proven
in the letter. It will be no surprising if the conjecture is
true.
The above discussions lead to the following definition:
Definition 1 Let { dk}k=1,2,. . . ,N be integers at least 2.
(1) Given a set of states S in ⊗Kk=1Cdk and kinds of
indistinguishabilities M, M’. We say that S satisfies the
M → M ′ local-global indistinguishable propery, if S is
indistinguishable via M in ⊗Kk=1Cdk implies that S is in-
distinguishable via M’ in ⊗Kk=1Cdk+hk , for any hk be non-
negative integers.
(2) If for any set S in ⊗Kk=1Cdk , S satisfying the
M → M ′ local-global indistinguishable property, then
⊗Kk=1Cdk is said to be satisfying the M →M ′ local-global
indistinguishable property.
(3) If for any set S in any system, S is satisfying
the M →M ′ local-global indistinguishable property, then
M →M ′ is said to be satisfying the local-global indistin-
guishable property.
The definition gives a framwork of local-global in-
distinguishability, which somehow states the indepence
of indistinguishability and the dimension of space one
chooses. Using the definition, Theorem 1, Theorem 2 and
Theorem 3 can be restated as LOCC1(PPT, SEP ) →
LOCC1(PPT, SEP ) satisfies the local-global indistin-
guishable property. And the conjecture is restated to
be if M=LOCC (LPCC, LOCCr, LPCCr, PPT, SEP),
then M → M satisfies the local-gobal indistinguishable
property.
Now, one of the questions is to judge whether a
kind of indistinguishabilities satisfying the local-global
indistinguishable property. Another question is to find
counter examples for which the local-global indistinguish-
able property are not satisfied.
ACKNOWLEDGMENTS
We wish to acknowledge professor Zhu-Jun Zheng who
gave many advices and help to check the letter.
APPENDIX
Proof of Lemma 1: Without loss generality, assume
that the partites are hold by A(s), s=1,2,. . . ,K, and mea-
sure by order.
A LOCC1 POVM in ⊗Ks=1Cds+hs is given as
follow. A(1) provides a POVM
{
A
(1)
j
}
j=1,2,. . . ,J
on his partite, and gets an outcome j1.
And for s=2,3,. . . ,K, A(s) provides a POVM{
A
(s)
j1,j2,. . . ,j(s−1),j
}
j=1,2,. . . ,Jj1,j2,. . . ,j(s−1)
on his
partite depend on the classical communica-
tion of the (s − 1)-th partite, and gets an
outcome js. Thus, the LOCC1 POVM is{
Mj1,j2,. . . ,j(K−1),jK = ⊗Ks=1A(s)j1,j2,. . . ,j(s−1),js
}
16js6Jj1,j2,. . . ,j(s−1)
(let Jj1,j2,. . . ,j(s−1) = J for s = 1).
Write Mj1,j2,. . . ,j(K−1),jK =(
Mj1,j2,. . . ,j(K−1),jK1 Mj1,j2,. . . ,j(K−1),jK2
Mj1,j2,. . . ,j(K−1),jK3 Mj1,j2,. . . ,j(K−1),jK4
)
in block
form, where Mj1,j2,. . . ,j(K−1),jK1 be a
∏K
s=1 ds ×
∏K
s=1 ds
matrix.
Write A
(s)
j1,j2,. . . ,j(s−1),js
=(
A
(s)
j1,j2,. . . ,j(s−1),js1
A
(s)
j1,j2,. . . ,j(s−1),js2
A
(s)
j1,j2,. . . ,j(s−1),js3
A
(s)
j1,j2,. . . ,j(s−1),js4
)
in block form,
where A
(s)
j1,j2,. . . ,j(s−1),js1
be a ds × ds matrix. Now
Mj1,j2,. . . ,j(K−1),jK1 = ⊗Ks=1A(s)j1,j2,. . . ,j(s−1),js1
Since
{
A
(s)
j1,j2,. . . ,j(s−1),js
}
js=1,2,. . . ,Jj1,j2,. . . ,j(s−1)
is a
POVM, A
(s)
j1,j2,. . . ,j(s−1),js
= A
(s)
j1,j2,. . . ,j(s−1),js
†
and∑
js
A
(s)
j1,j2,. . . ,j(s−1),js
= Ids+hs . Of course every
A
(s)
j1,j2,. . . ,j(s−1),js
is positive semi-defined.
Now:∑
j A
(s)
j1,j2,. . . ,j(s−1),js
= Ids+hs implies that∑
j A
(s)
j1,j2,. . . ,j(s−1),js1
= Ids .
A
(s)
j1,j2,. . . ,j(s−1),js
is positive semi-defined implies that
A
(s)
j1,j2,. . . ,j(s−1),js1
is positive semi-defined.
A
(s)
j1,j2,. . . ,j(s−1),js
= A
(s)
j1,j2,. . . ,j(s−1),js
†
implies that
A
(s)
j1,j2,. . . ,j(s−1),js1
= A
(s)
j1,j2,. . . ,j(s−1),js1
†
.
Thus,
{
A
(s)
j1,j2,. . . ,j(s−1),js1
}
js=1,2,. . . ,Jj1,j2,. . . ,j(s−1)
is a
POVM of partite A(s) of ⊗Ks=1Cds .
5In ⊗Ks=1Cds , let A(s) measures his partite by POVM{
A
(s)
j1,j2,. . . ,j(s−1),js1
}
js=1,2,. . . ,Jj1,j2,. . . ,j(s−1)
, and gets
an outcome, says js. Now the final LOCC1 measure-
ment will be
{
Mj1,j2,. . . ,j(K−1),jK1
}
16js6Jj1,j2,. . . ,j(s−1)
,
note that Mj1,j2,. . . ,j(K−1),jK1 = ⊗Ks=1A(s)j1,j2,. . . ,j(s−1),js1.

Proof of Theorem 1: Let { ρi|i = 1, 2, . . . , N} be
a set of orthogonal states in ⊗Ks=1Cds . If it is distin-
guishable via LOCC1 in ⊗Ks=1Cds+hs , where hs are non-
negative integers, let us see that it will lead to the dis-
tinguishability of it in ⊗Ks=1Cds via LOCC1.
In ⊗Ks=1Cds+hs , the states are LOCC1 distinguishable
via LOCC1 POVM { Mj}j=1,2,. . . ,J if and only if for
evere j, Tr(Mj ρ˜i) 6= 0 for at most one i.
WriteMj =
(
Mj1 Mj2
Mj3 Mj4
)
in block form, whereMj1 be
a
∏K
s=1 ds ×
∏K
s=1 ds matrix. Since { Mj}j=1,2,. . . ,J is a
LOCC1 POVM, { Mj1}j=1,2,. . . ,J is a LOCC1 POVM of
⊗Ks=1Cds , by Lemma 1.
In ⊗Ks=1Cds , measure by POVM { Mj1}j=1,2,. . . ,J .
However, if for j1, Tr(Mj1ρi) 6= 0, then Tr(Mj ρ˜i) 6= 0,
since after an easy computation, they are the same.
Thus, at most one ρi satisfying that Tr(Mj1ρi) 6= 0,
which means that ρi are LOCC1 distinguishable via
LOCC1 POVM { Mj1}j=1,2,. . . ,J . 
Proof of PPT case for Lemma 2: Without
loss generality, assume that the partites are hold by
A(s), s=1,2,. . . ,K. { Mj}j=1,2,. . . ,J is a PPT POVM
means that for every j, Mj can be written as Mj =∑
i⊗Ks=1(A(s)ji ), where the sum is finite, and the operators
are positive semi-definited after a partial transportion.
Without loss generality, for j, assume that the partial
transportion is on A(1). Thus,
∑
i[(A
(1)
ji )
T ⊗⊗Ks=2(A(s)ji )]
is positive semi-defined. Write A
(s)
ji =
(
A
(s)
ji1 A
(s)
ji2
A
(s)
ji3 A
(s)
ji4
)
in
block form, where A
(s)
ji1 be a ds × ds matrice. Mj =(
Mj1 Mj2
Mj3 Mj4
)
in block form, where Mj1 be a
∏K
s=1 ds ×∏K
s=1 ds matrice. Thus, Mj1 =
∑
i⊗Ks=1(A(s)ji1).
Since { Mj}j=1,2,. . . ,J is a POVM, Mj = M †j and∑
j Mj = I
∏
K
s=1(ds+hs)
. Of course every Mj is positive
semi-defined. Now:∑
j Mj = I
∏
K
s=1(ds+hs)
implies that
∑
j Mj1 = I
∏
K
s=1 ds
.
Mj is positive semi-defined implies that Mj1 is positive
semi-defined.
Mj =M
†
j implies that Mj1 =M
†
j1.∑
i[(A
(1)
ji )
T ⊗⊗Ks=2(A(s)ji )] is positive semi-defined
implies that
∑
i[(A
(1)
ji1)
T ⊗⊗Ks=2(A(s)ji1)] is positive
semi-defined, which means that Mj1 is a PPT operator.
Thus, { Mj1}j=1,2,. . . ,J is a PPT POVM of ⊗Ks=1Cds .

Proof of Theorem 2: Let { ρi|i = 1, 2, . . . , N} be a
set of orthogonal states in ⊗Ks=1Cdk . If it is distinguish-
able via PPT in ⊗Ks=1Cds+hs , where hs are non-negative
integers, let us see that it will lead to the distinguisha-
bility of it in ⊗Ks=1Cds via PPT .
There is a PPT POVM { Mj}j=1,2,. . . ,J of
⊗Ks=1Cds+hs such that for every j, at most one ρ˜i
satisfying Tr(Mj ρ˜i) 6= 0.
WriteMj =
(
Mj1 Mj2
Mj3 Mj4
)
in block form, whereMj1 be
a (
∏K
s=1 ds) × (
∏K
s=1 ds) matrix. Since { Mj}16j6J is a
PPT POVM, Lemma 2 concludes that { Mj1}j=1,2,. . . ,J
is a PPT POVM of ⊗Ks=1Cds .
In ⊗Ks=1Cdk , measure by the PPT POVM
{ Mj1}j=1,2,. . . ,J . If for an outcome j, Tr(Mj1ρi) 6= 0,
then Tr(Mj ρ˜i) 6= 0, since they are the same. Thus, at
most one ρi satisfying that Tr(Mj1ρi) 6= 0, which means
that ρi are PPT distinguishable via this PPT POVM. 
Proof of SEP case for Lemma 2: Without loss
generality, assume that the partites are hold by A(s),
s=1,2,. . . ,K. { Mj}j=1,2,. . . ,J is a SEP POVM means
that Mj can be written as Mj = ⊗Ks=1A(s)j , for every
j. Write A
(s)
j =
(
A
(s)
j1 A
(s)
j2
A
(s)
j3 A
(s)
j4
)
in block form, where
A
(s)
j1 be a ds × ds matrice. Mj =
(
Mj1 Mj2
Mj3 Mj4
)
in block
form, where Mj1 be a
∏K
s=1 ds×
∏K
s=1 ds matrice. Thus,
Mj1 = ⊗Ks=1A(s)j1 .
Since { Mj}j=1,2,. . . ,J is a POVM, Mj = M †j and∑
j Mj = I
∏
K
s=1(ds+hs)
. Of course every Mj is positive
semi-defined. Now:∑
j Mj = I
∏
K
s=1(ds+hs)
implies that
∑
j Mj1 = I
∏
K
s=1 ds
.
Mj is positive semi-defined implies that Mj1 is positive
semi-defined.
Mj =M
†
j implies that Mj1 =M
†
j1.
Mj1 = ⊗Ks=1A(s)ji1 means that it is a separable operator.
Thus, { Mj1}j=1,2,. . . ,J is a SEP POVM of ⊗Ks=1Cdk .

Proof of Theorem 3: Let { ρi|i = 1, 2, . . . , N} be a
set of orthogonal states in ⊗Ks=1Cdk . If it is distinguish-
able via SEP in ⊗Ks=1Cds+hs , where hs are non-negative
integers, let us see that it will lead to the distinguisha-
bility of it in ⊗Ks=1Cds via SEP .
There is a SEP POVM { Mj}j=1,2,. . . ,J of
⊗Ks=1Cds+hs such that for every j, at most one ρ˜i
satisfying Tr(Mj ρ˜i) 6= 0.
Write Mj =
(
Mj1 Mj2
Mj3 Mj4
)
in block form, where
Mj1 be a (
∏K
s=1 ds) × (
∏K
s=1 ds) matrix. Since
6{ Mj}j=1,2,. . . ,J is a SEP POVM, Lemma 2 concludes
that { Mj1}j=1,2,. . . ,J is a SEP POVM of ⊗Ks=1Cds .
In ⊗Ks=1Cdk , measure by SEP POVM
{ Mj1}j=1,2,. . . ,J . If for an outcome j, Tr(Mj1ρi) 6= 0,
then Tr(Mj ρ˜i) 6= 0, since they are the same. Thus, at
most one ρi satisfying that Tr(Mj1ρi) 6= 0, which means
that ρi are SEP distinguishable via this SEP POVM.

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